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1. Introduction

Four-dimensional N' = 1 supergravity exists in several off-shell incarnations. They differ
in the structure of their auxiliary fields and, as a consequence, in their matter couplings to
supersymmetric matter. It is an ancient tradition! to label the off-shell N = 1 supergravity
formulations by a parameter n, with its different values corresponding to the following
supergravity versions:

i) non-minimal (n # —1/3,0) [B, B, Al;
ii) old minimal (n = —1/3) [{, [;
iii) new minimal (n = 0) [d].

Comprehensive reviews of these formulations can be found in [f, [J]. At the linearized level,
there also exists a third minimal realization for the massless (3/2,2) supermultiplet [[L(],
which is reminiscent of the new minimal formulation. The three minimal formulations and
the non-minimal series turn out to comprise all possible ways to realize the irreducible
massless superspin-3/2 multiplet as a gauge theory of a real axial vector H, (gravitational
superfield) and special compensator(s) [[[I]. Somewhat unexpectedly, a proliferation of
off-shell formulations emerges in the massive case.

Tt goes back to 1977 when the prepotential formulation for N' = 1 superfield supergravity was first
developed [ﬂ, E]



On the mass shell, there is a unique way to realize the massive superspin-3/2 multi-
plet (or massive graviton multiplet) in terms of a real (axial) vector superfield H,. The
corresponding equations [[3, f, [[(] are:

(O=m2)Has =0, DHoq=0, D°Hoa=0 = 0"Huy=0. (L1)

It turns out that no action functional exists to generate these equations if H,s is the
only dynamical variable [[[(]. However, such an action can be constructed if one allows
for auxiliary superfields ¢ with the property that the full mass shell is equivalent to the
equations ([L.]) together with ¢ = 0. Several supersymmetric models with the required
properties have been proposed [0, [[3, [4]. In particular, for each of the three minimal
formulations for linearized supergravity, massive extensions have been derived [13, [[4]. By
applying superfield duality transformations to these theories, one generates three more
models [[4] two of which originally appeared in [[L(].

The present paper continues the research initiated in [0, {3, [4]. We propose new
off-shell formulations for the massive superspin-3/2 multiplet. In particular, we derive
two new massive extensions of old minimal supergravity, which possess quite interesting
properties, as well as a massive extension of non-minimal supergravity.

2. Minimal supergravity multiplets and their massive extensions

In this section, we review the linearized actions for the three minimal supergravity for-
mulations, and recall their massive extensions proposed in [, [4]. These massive actions
possess nontrivial duals [[[0, [[4], which are collected in the appendix.

2.1 Minimal supergravity multiplets

Throughout this paper, we use a reduced set [EI] of the superprojectors [B] for the gravi-
tational superfield Hg:

1 9, Py
s Hoo = — o 22 {D%, D' }0% H (2.1)
320
10
L R (676 ﬁg
M Hes = 1525 224 DD’ D, Hgp (2.2)
nly —186DDD78ﬁH D,D°D7d, " 2.3
THoo = 558 | (@ a7t o H) (23)
'y, - &% D2. Do PH 2.4
1 ad—3_2|:|2{ ’ }(a B8)8> ()
nrH,, = 186D7DD o8H 2.5
gHad = TUR 2 (v%a Hp)g - (2.5)

Here the superscripts L and 7T denote longitudinal and transverse projectors, while the
subscripts 0,1/2,1,3/2 stand for superspin. Given a local linearized action functional of



H,q, it can be expressed in terms of superprojectors using the following identities:

D'D’DHog = —80 (Hg + 107 + Hg) Hog | (2.6)

000 0°° H z5 = —200(I1F + IT}) Ho (2.7)

(D, Dal[D?, D] H ;= 80 <H0L - 31@) Heg | (2.8)
OH,. = O (ng +1f 41 1 + H:%F) H,p, (2.9)

The linearized action for old minimal (type I) supergravity is
/1 1 .
SO[H, o] = /dSZ {H‘MD(§H§ . gng)Had — (0 —T)0 Y H g — 360} . (2.10)

Here o is the chiral compensator, Dgo = 0.

The linearized action for new minimal (type II) supergravity is
/1 1 — .3
SI[H, 1] = /dSZ {HWD(§HT - H{) Ho + 5U[Da, Da] H + 5&12} . (2.11)
2 2

Here U is the real linear compensator, DU =o.
Type 111 supergravity is known at the linearized level [[[(] only. The corresponding

action is

. 1 1 3
(111) — 8 ad 7 | 17l . Cprad | 24942
SUD[H, Y] /d Z{H D(QH% + 3H%)Hm +Uos H® + U } . (212)

Similarly to (R.11), here U the real linear compensator, DU =0.

2.2 Massive extensions

As demonstrated in [L3, [L4], consistent massive extensions of the supersymmetric theo-
ries (.10), (B-11) and (P.1J) can be obtained simply by adding mass terms for the grav-
itational superfield and for a gauge potential associated with the compensator, with the
latter being treated as a gauge-invariant field strength.

Consider first the off-shell massive supergravity multiplet derived in [LJ]. The chirality
constraint on the compensator ¢ in (R.10) can always be solved in terms of an unconstrained

real superfield [[L§]:
12 _ 1 5 —
o=-7D'P, F=-1DP, P=P. (2.13)
Then, the massive extension of (.1(]), which was proposed in [LJ], is

S{ulH. P) = SO (H. ) — gm? [ & (B Hog - 3P} (2.14)

2
The supergravity formulations (R.11]) and (R.13) involve the real linear compensator
U. The constraint on U can be solved as follows [[7]:

U = D% + DaX?, Dsxa =0,



with x, an unconstrained chiral spinor. Adopting x, and Y4 as independent dynamical
variables to describe the compensator, the new minimal model (R.11]) possesses the massive
extension [[[4]

1 .
S [H,x] = SWIH U] - §m2/d82 H"H,g + 3m2{ /d6z X2+ c.c.} . (2.15)
Similarly, the type III model (R.19) possesses the following massive extension [I4]

1 .
SI(I{;IS)S[H, x| = S(IH)[H,U] — §m2/d8z HH o — 9m2{ /d6z 2+ c.c.} . (2.16)

3. New massive supergravity multiplets

In the previous section we have reviewed several known formulations for the massive
superspin-3/2 multiplet. They constitute massive extensions of the minimal supergrav-
ity formulations with 12 4 12 off-shell degrees of freedom. Now, we are going to obtain a
massive extension of the non-minimal supergravity formulation with 20+20 off-shell degrees
of freedom. In the notation of [{], the linearized action for non-minimal supergravity [f] is
as follows:

n+1

1 . — .
S"IH, %) = / d'z| - & HODD’DHos + 5 (BacH)?
n

n+1 (n+1)(3n+1)

([De, D] HY)? — PH 004 (2 — X)

32 4n
Sn4+1 . . _
_2F L ged(D DS — DaDu)
3n+1)? = on? —1 _
+w22+ " (22+22)
4n n
1. 1)? 3n+1 3n+1
:/d% —HWD<H§+(”+ ) 1 Rl H{)Had
2 2 2n 2n 2 2 2
1)(3n +1 . =, Bn+1)P o
_(n—i— )(3n + )z'H‘mam(z—z)erzz
4n 4n
3 1 . — — — 9n2 1 _
—%H“O‘(DQDQE—D@DQE)+ o2 T, (3.1)

Here n # —1/3,0, and the compensator ¥ is a complex linear superfield obeying the only
constraint D°% = 0. For simplicity, the parameter n is chosen in (B.]) to be real, see [P, H
for the general case of complex n.

From the point of view of massive supergravity, the non-minimal formulation appears
to be quite special. It turns out that there is no consistent massive extension of the
theory (B.I) obtained by adding mass terms for the gravitational superfield and for the
gauge spinor potential ¥, associated with the non-minimal compensator ¥ = DV, .2

2Note that, of course, the unconstrained superfield prepotential superfield ¥ is not chiral, unlike yo in
the new minimal case.



This fact is in obvious contrast with the minimal supergravity formulations discussed in

the previous section. We will come back to a discussion of these points in section 4.

3.1 Massive extensions of old minimal supergravity

To derive a massive extension of (B.1), one can try to employ the idea that the old min-
imal and non-minimal supergravity formulations are dually equivalent, see e.g. [§, f] for
reviews. In order to apply duality considerations in the massive case, however, it is neces-
sary to have an appropriate massive extension of the action (R.10]). It turns out that the
formulation (2.14) is not well suited.

Therefore, as a first step, let us actually derive a new massive extension of the old
minimal supergravity formulation (2.10)). As compared with (.14), such an extension
appears to be more natural, for the chiral compensator is defined through an unconstrained

complex superfield F":

_ _-D%F — __D°F. 2
o 1 , o] 1 (3.2)

We choose the simplest ansatz for the massive action:
S

mass

[H,F] = SO[H, o] — m? / a8z {%H‘MHW - aFF} : (3.3)

with a # 0 a real constant.
To prove that (B-J) indeed describes a massive superspin-3/2 multiplet, for a special

value of the parameter a, we study the corresponding equations of motion:

2
0= D( - S5+ H:%F) Hog + i0aa(0 — 7) — m*Hag | (3.4)
s 5 _
0= iDzaao‘Had — ED2D2F +am?F, (3.5)
. | s
0= —iDQO‘mHad - 1—6D2D2F +am?F . (3.6)

Since a # 0 and m # 0, the equations (B.5) and (B.6) imply D4F = D,F = 0. Now, we
can use the identity %D2E2 + %EzDZ + %DQE2DO‘ = [J, in order to rewrite eqs. (B.§)

and (B.6) as

0= %Ezawﬂad — 30F + am?F, (3.7)
0= —iDQaad‘Hm — 30F + am?F . (3.8)

Next, by applying ﬁﬁ%?ad to eq. (B-4) and making use of eq. (B.7), we arrive at
9 _ _
D(§—3)F+am2F:0. (3.9)
Choosing a = 2 gives F' = 0 = F on the mass shell. After that, egs. (B.7) and (B.g) give
H{}Had = (. Finally, by applying to equation (B.4) respectively the projectors 1%, 17 and
2 2

7 we find
HgHad = H?Had =rH.=0. (3.10)



The only non-zero projected component is HgHad which is now equal to H,s and, once
2

simplified equation (B.4), results to satisfy the Klein-Gordon equation. All the previous
relations imply that on-shell H,q, satisfy equations (EI), and it describes the irreducible
massive superspin-3/2 multiplet. The final action is:

_ 1 . _

SO 1H,F] = SO[H, o] — 5m2/d82 {H‘MHM - 9FF} , (3.11)
with o expressed via F according to (B.2).

The model constructed, eq. (B.11]), can be related to that given in (R.14). Indeed, let
us consider the following nonlocal field redefinition (compare with [{]):
1 D? 1

—ZEJ+¢+E(U+iV)- (3.12)

Here o and ¢ are chiral scalars, Dgo = D4y = 0, while U and V are real linear superfields,

F=

DU=DV=0, U=U, V=V. (3.13)
We then have
/dSz FF = %/d% (P2 +V?), (3.14)
where
=2
:—E%QU—E%E—H/I, V=p+o+V (3.15)
are unconstrained real superfields. It is obvious that o = —%EQF = —%EQP. Let us

implement the field redefinition (B:I3) in the action (B.I1]). This gives

SI(I{)aSS

[H,F] = SW

") [H, P]+ %mQ/dSz vZ. (3.16)
Since V is unconstrained and appears in the action without derivatives, it can be integrated
out. This amounts to setting to zero the second term in (B.16).

It is worth saying a few more words about the two solutions, egs. (2.13) and (B.9), to
the chirality constraint in terms of unconstrained superfields. Parametrization (8.9) for the
chiral compensator is known to lead to the standard auxiliary fields of minimal supergravity
(S,P, A,). If one instead parametrizes o according to (R.13), the set of auxiliary fields
becomes (S, Cyupe, Ag). This set includes a gauge three-form Cpp,, instead of the scalar
P. The latter actually occurs as a gauge-invariant field strength associated with Cyp.. It
perhaps is worth noting that this three-form in four dimensions though non-dynamical may
be regarded as the truncation of the well-known similar dynamical field that occurs in 11D
supergravity and M-theory.

The theory with action (B.11)) can be used to construct a dual formulation, in a manner
similar to the approach advocated in [[4]. Instead of imposing eq. (B.9) as a kinematic



constraint, one can generate it as an equation of motion by means of the introduction of
an unconstrained complex Lagrange multiplier Y. Consider the following auxiliary action:

1 : 9 _
S = SU[H, o] —|—/d82 [— §m2H‘mHm + §m2FF
1— —/1
+3mY<ZD2F+a> +3mY(ZD2F+E)] . (3.17)
Here o is a chiral superfield unrelated to F'. Varying Y and Y enforces the constraints (B.3),

and then we are clearly back to (B:IT). On the other hand, if we integrate out F' and F
using their equations of motions

3 1 _o— 3 — 1—=2

“mF 4+ ~-D*Y = “mF+-DY = 1

5ME + 0, 5mE + 4 0, (3.18)
and introduce the chiral superfield y = —%ﬁQY and its conjugate ¥ = —%D2?, we arrive

at the following dual action

S = /dSz {HO‘O‘DGH? - §H£>Had —i(0 — )0 Hpg — 307
2

1 .
_imQHO‘O‘Had—QXx} —|—3m/d6zxa+3m/d62YE. (3.19)

This dynamical system is quite interesting in its own rights. Unlike the massive mod-
els (2.14) and (B.11]), the above formulation involves only the chiral compensator of old
minimal supergravity, and not its gauge potential. The mass generation becomes possible
due to the presence of a second chiral superfield. In a sense, one can also interpret (B.19)
as a coupling of the gravitational superfield to a massive N’ = 2 hypermultiplet.

The explicit structure of action (B.19) explains why all attempts have failed to construct
a Lagrangian formulation for the massive superspin-3/2 multiplet solely in terms of the old
minimal supergravity prepotentials H,, o and &.

3.2 Massive extension of non-minimal supergravity

Up to now we have considered massive extensions of old minimal and new minimal su-
pergravity. Here we would like to address the problem of deriving a massive extension of
linearized non-minimal supergravity B, i, B, f]. This goal can be achieved by performing
a different duality transformation starting from (B.11]).

In the action (B.I7), the superfield o is chiral by construction. Enforcing the equation
of motion for Y constrains F to be related to o according to (B.2). Clearly, in analogy
with the action ([A.1)), we can actually remove the chirality constraint imposed on o and
choose this superfield to be unconstrained complex off the mass shell. Note also that, in

such a setting, we can write a more general action that should reduce to (B.17) once o is



constrained to be chiral, namely?3

S:/dgz

. 1 1
10310 = 511E) Ha

+(2a — 1)(S = §)i0°“Hpog + aS DD Hog — aS D" D*Hog
3 o1 . 9 .
—359 — b3 (5 + 5% — S H Hog + Sm’FF

+3mY(iﬁQF+ S) +3m7<iD27+§> . (3.20)

Clearly, varying Y and Y gives S = 0 = —%EQF and the conjugate relation, and then we
are still back to (B.3)). Instead if we integrate out S, F' and their conjugates, using their
equations of motion

1 — — 2a — 1 : — . _
F=—D%, 0=-§-b5- Ga=1) g Hos — ngDaHO‘O‘ +mY, (3.21)
m
which imply
S=—"_[Dy, De]H" + (a=1) JHOY 4 (bY -Y) (3.22)
6(b+1)" 7 3(b—1) b2 —1 ’ ‘
. . . . =2
we arrive at the following action (defining ¥ = mY and x = —%D Y):

4a? 4(a —1)% 2
HT _ _Z HL
%+<3(b+1) 3(b—1) 3> 0

S = /d%{ %H‘MD

4la—1)2 _,  4a® _;
—— 117 — IT1 | Hug
3b—1) 2 b+1 2|
1 ; 20 —b—1 — .
S Hos + (%) (S = 2)i0“Hoy
a . — — — 3b =2
H(DaDg% — Dg DoY) + =p—— (22 + %
+b+1 ( a=o [ a)+2(b2_1)( + )
3 = —
— T IS 20X ¢ (3.23)
with the dynamical variables x and Y constrained as follows:
— 1—
Dax = 0, —ZDZE = my . (3.24)

These constraints describe a chiral-non-minimal (CNM) doublet [I§] (see also [[9 for recent
results on the quantum beahviour of CNM multiplets). We have thus constructed a CNM
formulation for massive supergravity. In particular, it is easy to see that the choice

1 —1
PR . L (3.25)
2 3n+1

30ne can actually consider even more general action by letting the parameter a and b to be complex,
a(S D*D Has — 8 D D*Haa) — (aS DD Hus —GS D" D*Has) and b(S®+5°) — (bS?+552). For

simplicity, we restrict our consideration to the case a = @ and b = b.



corresponds to

1 N — 1 .
GNM - _ /dSz [ 16 HaaDﬁDQDﬁHad + % (aadHaa)z

mass

n+1 — . n+1)3n+1) . . —
32 ([Da7Dd]Haa)2 o ( )4(n ) ,LHaaaad(E o E)

3 1 . — - — 3 1)2 =

_3nH 1 s Das — Dan,s) + E D 5y
4 4n

In2—1 = 1 .

+ ”8 (22437 - SmPH Hag = 2% (3.26)
n

with y and ¥ constrained as in (B.24). This model can be recognized to be the desired
massive extension of non-minimal supergravity (B.1]). Since we have derived (B.26) by
applying a superfield duality transformation to (B.11), the two theories are equivalent and
describe the massive superspin-3/2 multiplet.

One can also obtain the non-minimal formulation (8.26), (B-24) using a slightly different
path. The linearized supergravity actions (R.10) and (B.]) are known to be dual to each
other. The duality proceeds, say, by making use of the auxiliary action

S[H,3, 0] = SSM[H, 3] —3/d8z[02+ﬁi} , (3.27)

where o is chiral and ¥ is unconstrained. Varying o in (B.27) makes X linear and then we
are back to linearized non-minimal supergravity described by (B.J). Instead, integrating
out ¥ and X leads to the old minimal supergravity action (R.14).

Now, in order to find a massive extension of (B.1)), we can start directly from the above
action (B.27) extended in the following way

_ 1 .
SplH, %, 0,x] = SSMH, ] + /dgz[ —3(0T +7T) = Sm?H Hog — 2@(}

+3m/d6z X0+ 3m/d6§ X7 , (3.28)

where Y is chiral. Integrating out ¥ and ¥, we arrive at the action (B.19) which is known
to be dual to linearized old minimal supergravity (R.14). Instead, integrating out o and &
leads to the massive non-minimal formulation (B.24), (B.24).

Let us analyse the compensator sector of (B.26) which is obtained by setting H, = 0.
Up to a sign, it corresponds to a massive chiral-non-minimal (CNM) multiplet [[§]. Such
a multiplet can be viewed as the mechanism to generate a mass for the complex linear
superfield ¥ in the presence of a chiral superfield y by means of a consistent deformation
of the off-shell constraint: D°X =0 — DX = —4my. The CNM multiplet is known to be
dual to a pair of chiral superfields having a Dirac mass term of the form (m [ d®zox+c.c.);
this multiplet is sometimes called chiral-chiral (CC). The compensator sector of (B.19) is
clearly described by a CC multiplet. It is worth pointing out that CNM multiplets are
ubiquitous in N/ = 2 supersymmetry in the framework of projective superspace; see [R( -
RJ] for references on 4D projective superspace and also [P4] for extensions to 5 and 6
dimensions.



We close the section by observing that in the CC and CNM massive supergravity
formulations developed, see egs. (3.19) and (3.23)—(3.26) respectively, the mass parameter
m can be easily promoted to become complex. This is different from the previously known
formulation described in the appendix, and could be a relevant property when trying to
extend these multiplets to extra-dimensions in particular for the D > 5 case.

4. Discussion

In this work, we have continued (and hopefully completed) a program of the exploration of
the structure of massive linearized 4D N = 1 superfield supergravity models. One of the
points of this continued effort is to establish a number of benchmarks for other purposes.

First, it is known that closed superstring theories and M-theory, when truncated to four
dimensions, must possess massive spin-2 (and higher) multiplets in a low-energy effective
action. Thus our effort is part of the long-term program begun in references , @] to
gain a systematic understanding first of the massive superspin-3/2 system and later all of
arbitrary 4D A = 1 higher spin multiplets.

Second, massive theories are also interesting to study as a step toward the realization of
higher values of D as shown in the work of [@, ] There a successful approach was given
in the case of 5D supergravity. However, to date no successful extension of this construction
is known for higher values of D. Thus, this present effort also is a probe for furthering this
program of constructing (at least) linearized versions of all higher D supergravity theories
in terms of 4D, N/ = 1 superfields.

We have presented the first successful description of the massive version of linearized
non-minimal 4D A" = 1 superfield supergravity. As well we have obtained results that show
signs of N/ = 2 supermultiplet being very relevant to this course of study. This result is
important in a way that may also open a new view of the five-dimensional theory. The
version of the 5D theory constructed in [29] only possesses 5D Lorentz invariance on-shell.
This is manifest in the fact that though the physical spinors in the work by Linch, Luty
and Phillips [RF] are proper 5D spinors, the auxiliary spinors in the work are not. The
supergravity multiplet in this work is described by the old minimal supergravity theory
given in [[16]. This possesses no auziliary spinors. A distinguishing point of our present work
is that by describing the supergravity multiplet in terms of non-minimal supergravity, there
opens the possibility to contruct a 5D extension where the auxiliary spinors also describe
off-shell 5D spinors.

Conceptually, the structure of the massive non-minimal action (B.26]) differs consider-
ably from the massive minimal models (R.14), (B-1§) and (P.16), in the sense that (B.24)
does not involve any mass term for the gauge spinor potential ¥, associated with the
non-minimal compensator ¥ = D*W¥,. To explain this feature, let us consider the mas-
sive extensions of old minimal supergravity (R.14), (B.11) and (B.19). These three actions
look identical in the sector involving the gravitational superfield. Their parts involving
the compensators only, obtained by setting H, = 0, look quite different. Nevertheless,
they all share one important common feature: on the mass shell, they describe two free
massive superspin-0 multiplets. The same property holds for the compensator sector of the

,10,



non-minimal action (B.26). That is, it describes a free massive ' = 2 hypermultiplet, or
two free massive N/ = 1 superspin-0 multiplets. Let us now introduce a massive extension
for the compensator part of (B.1). This is as follows [{:
8 3 C 2 | §2 @ T. 5%
S =- dz[zz+§(z + 3 4 2m (O, + T, T )], (4.1)
with ¢ a parameter. Unlike the compensator sector of (B.26), this action describes a single
superspin-0 multiplet, since the equations of motion imply

—iDzE—i—mf: 0. (4.2)
As a result, the action (f.1) can not be used for generating a massive extension of linearized
non-minimal supergravity. It is worth pointing out that in the massless case, the parameter
¢ can take arbitrary values except +1 [I§]. In the massive case, no restriction on ¢ occurs,
since the corresponding term in ([l.]) can be completely removed by a field redefinition
U, — U, + (\/m)D?*¥,, with \ a parameter.

To conclude this paper, we would like to comment upon a subtle property of the mass-
less action (B.1)) in respect to the classification of linearized supergravity models given
in [[L1]. The linearized action for non-minimal supergravity is defined for n # —1/3,0.
Looking at the second form for the action (B.d]), in terms of the superprojectors, one
clearly sees that the case n = —1 is very special. In this and only this case, the action
involves only three superprojectors. The latter feature appears to be in a seeming con-
tradiction with the theorem in [[L1] that there are no irreducible supergravity multiplets
with three superprojectors in the action. Fortunately, this contradiction can be readily
resolved if one recalls the structure of the linearized gauge transformations in non-minimal

supergravity [H] :

5Hao'z = Eo'chu - Dafd )

1n+l — 1—
5% = _13’;‘; - D°D®L, — 1DaD’L" (4.3)

with L, an unconstrained gauge parameter. As may be seen, the gauge freedom allows one
to completely gauge away the complex linear compensator ¥ provided n # —1. This is no
longer true for n # —1 (in which case the compensator can be gauged away on the mass
shell only).# On the other hand, the classification given in [[[1] applies to those off-shell
realizations for the massless superspin-3/2 multiplet, which can be formulated solely in
terms of the gravitational superfield upon gauging away the compensator(s).

We hope that the present work has brought the topic of massive off-shell superspin-
3/2 multiplets to the same level of completeness as that existing for the massive gravitino

multiplets [[4, Bg].

4This property of n = —1 supergravity is generic within the so-called gauge transversal formulation for
massless multiplets of half-integer superspin Y > 3/2 @] The transversal series terminates at Y = 3/2 at
the n = —1 formulation for non-minimal supergravity.
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A. Dual actions

In this appendix, we collect the dual formulations for the massive minimal models given
subsection 2.2 following [[[4].

The theory with action SI(IIIASS[H , P, eq, (R.14), possesses a dual formulation. Let us
introduce the “first-order” action

/1 1 1 . .
Sae = /dSZ {H“O‘D<§H§ - §H£>Had — 5m?H Hog = U0 Hag

32,9 959 =2 2
—SUP 4 m’P +3mV(U+4D P—2D P) , (A1)

where U and V are real unconstrained superfields. Varying V brings us back to (2.14). On
the other hand, we can eliminate U and P using their equations of motion. With the aid

of (R.7), this gives

SUB)[H, P = /d% H“‘j‘DGH%F + 1H%>Hm L 2geay
2 2 3 2 2
1 B2 N2 Qe 3 90,9
—VAD’ DIV = mVO* i Hag + 5m?V2 . (A2)

This is one of the two formulations for the massive superspin-3/2 multiplet constructed

in [[L0].
The theory (R.15) also admits a dual formulation. Let us consider the following “first-
order” action

. 1 1 . 1 — 3
Sau = / a2 {HQO‘D(§H§ - H{) Hog — 5m*H* Hog + 5UDa, Dal H* + SU°
2 2
—6mV (L{ — D% — ﬁdy‘j‘> } + 3m2{ /d6z X%Xa + c.c.} , (A.3)
in which U and V are real unconstrained superfields. Varying V gives the original ac-

tion (R.13). On the other hand, we can eliminate the independent scalar U and chiral
spinor X, variables using their equations of motion. With the aid of (R.§) this gives

/1 1 1 .
SUB) [, V] = /d% {HO‘QD<§H§ - §H0L>Hm — SmPH Hog
2

+mV Dy, D] H* — 6m2V2} -6 / A2 WoW,, (A4)
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where W, = —iﬁQDaV is the vector multiplet field strength. The theory with action ([A-4))
was constructed in [[[4].

Finally, to construct a dual formulation for the theory (R.16), let us introduce the
“first-order” action

1 1 1 . .3
Sa = /dsz {HO‘O‘D<§H§ + §H§>Hm — 5mPH Hog + Uag HOS + SU°
2 2

+3mV <U — D% — Edyé‘)} — 9m2{ /d6z X“Xa + C.C.} , (A.5)

in which &/ and V are real unconstrained superfields. Varying V gives the original ac-
tion (R.1d). On the other hand, we can eliminate the independent real scalar ¢ and chiral
spinor Y, using their equations of motion. With the aid of (2.7) this gives

vo(Lor 1 1y
SB[, V) = / d*2 {HO‘O‘D<§HC§ — <11 ) Hag — 5m*H* Hag

. 3 1
—mV Opa H* — 5m2v2} +5 / A2 WeW,, (A.6)
with a vector multiplet field strength W,. This is one of the two formulations for the
massive superspin-3/2 multiplet constructed in [[L0].

References

[1] W. Siegel, Supergravity superfields without a supermetric, Harvard preprint HUTP-77/A068;
A polynomial action for a massive, self-interacting chiral superfield coupled to supergravity,
Harvard preprint HUTP-77/A077; The superfield supergravity action, Harvard preprint
HUTP-77/A080; A derivation of the supercurrent superfield, Harvard preprint
HUTP-77/A089; Solution to constraints in Wess-Zumino supergravity formalism,
[ B 142 (1978) 301}; Superconformal invariance of superspace with nonminimal auxiliary fields,
[Phys. Lett. B 80 (1979) 224.

[2] W. Siegel and S.J. Gates, Jr., Superfield supergravity, [Nucl. Phys. B 147 (1979) 71.

[3] P. Breitenlohner, A geometric interpretation of local supersymmetry, |Phys. Lett. B 67 (1977)

; Some invariant lagrangians for local supersymmetry, [Nucl. Phys. B 124 (1977) 500.

[4] S.J. Gates, Jr. and W. Siegel, Understanding constraints in superspace formulations of
supergravity, [INucl. Phys. B 163 (1980) 519.

[6] J. Wess and B. Zumino, Superspace formulation of supergravity, [Phys. Lett. B 66 (1977) 361;
R. Grimm, J. Wess and B. Zumino, Consistency checks on the superspace formulation of
supergravity, [Phys. Lett. B 73 (1978) 415,

J. Wess and B. Zumino, Superfield lagrangian for supergravity, |[Phys. Lett. B 74 (1978) 51|.

[6] K.S. Stelle and P.C. West, Minimal auziliary fields for supergravity, |Phys. Lett. B 74 (1978)

[ 33G;

S. Ferrara and P. van Nieuwenhuizen, The auziliary fields of supergravity, [Phys. Lett. B 74
[ (1978) 339.

,13,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB142%2C301
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB142%2C301
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB80%2C224
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB147%2C77
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB67%2C49
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB67%2C49
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB124%2C500
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB163%2C519
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB66%2C361
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB73%2C415
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB74%2C51
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB74%2C330
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB74%2C330
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB74%2C333
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB74%2C333

[7] V.P. Akulov, D.V. Volkov and V.A. Soroka, On general covariant theories of gauge fields on
superspace, [Cheor. Math. Phys. 31 (1977) 19
M.F. Sohnius and P.C. West, An alternative minimal off-shell version of N = 1 supergravity,
|Phys. Lett. B 105 (1981) 353.

[8] S.J. Gates, Jr., M.T. Grisaru, M. Ro¢ek and W. Siegel, Superspace, or one thousand and one
lessons in supersymmetry, Front. Phys. 58 (1983) 1 [hep-th/010820(].

[9] I. L. Buchbinder and S. M. Kuzenko, Ideas and methods of supersymmetry and supergravity,
IOP, Bristol (1998).

[10] L.L. Buchbinder, S.J. Gates, Jr., W.D. Linch, IIT and J. Phillips, New 4D, N = 1 superfield
theory: model of free massive superspin-3/2 multiplet, [Phys. Lett. B 535 (2002) 28(]
[hep-th/0201096].

[11] S.J. Gates, Jr., S.M. Kuzenko and J. Phillips, The off-shell (3/2,2) supermultiplets revisited,
[Phys. Lett. B 576 (2003) 97 [hep-th/030628g].

[12] E. Sokatchev, Projection operators and supplementary conditions for superfields with an
arbitrary spin, [Nucl. Phys. B 99 (1975) 94.

[13] T. Gregoire, M.D. Schwartz and Y. Shadmi, Massive supergravity and deconstruction,
[ 07 (2004) 029 [hep-th/0403224].

[14] I.L. Buchbinder, S.J. Gates, Jr., S.M. Kuzenko and J. Phillips, Massive 4D, N =1 superspin
1 and 3/2 multiplets and dualities, JHEP 02 (2005) 05¢ [hep-th/0501199).

[15] W. Siegel and S.J. Gates, Jr., Superprojectors, [Nucl. Phys. B 189 (1981) 295

[16] S.J. Gates, Jr. and W. Siegel, Variant superfield representations, |[Nucl. Phys. B 187 (1981)
389.

[17] W. Siegel, Gauge spinor superfield as a scalar multiplet, [Phys. Lett. B 85 (1979) 333.

[18] B.B. Deo and S.J. Gates, Jr., Comments on nonminimal N = 1 scalar multiplets,
| B 254 (1985) 187.

[19] G. Tartaglino-Mazzucchelli, Quantization of N =1 chiral/nonminimal (CNM) scalar
multiplets and supersymmetric Yang-Mills theories, [Phys. Lett. B 599 (2004) 324
[lhep-th/0404229].

[20] A. Karlhede, U. Lindstrom and M. Rocek, Selfinteracting tensor multiplets in N = 2
superspace, [Phys. Lett. B 147 (1984) 297;
U. Lindstrom and M. Rocek, New hyperkahler metrics and new supermultiplets,
| Math. Phys. 115 (1988) 21|; N = 2 super- Yang-Mills theory in projective superspace,
|Commun. Math. Phys. 128 (1990) 191.

[21] S.V. Ketov, New self-interaction for N = 2 multiplets in 4D and ultraviolet finiteness of
two-dimensional N = 4 Sigma-models, in Proceedings of the International Seminar Group
theory methods in physics (in Urmala, U.S.S.R., May, 1985), Nauka, Moscow, vol. 1, p. 87;
S.V. Ketov and B.B. Lokhvitsky, Some generalizations of N = 2 Yang-Mills matter couplings,
|Class. and Quant. Grav. 4 (1987) 137;

S.V. Ketov, B.B. Lokhvitsky and 1.V. Tyutin, Hyperkahler Sigma models in extended
superspace, [Theor. Math. Phys. 71 (1987) 494 [[Teor. Mat. Fiz. 71 (1987) 224).

— 14 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMPHA%2C31%2C12
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB105%2C353
http://arxiv.org/abs/hep-th/0108200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB535%2C280
http://arxiv.org/abs/hep-th/0201096
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB576%2C97
http://arxiv.org/abs/hep-th/0306288
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB99%2C96
http://jhep.sissa.it/stdsearch?paper=07%282004%29029
http://jhep.sissa.it/stdsearch?paper=07%282004%29029
http://arxiv.org/abs/hep-th/0403224
http://jhep.sissa.it/stdsearch?paper=02%282005%29056
http://arxiv.org/abs/hep-th/0501199
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB189%2C295
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB187%2C389
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB187%2C389
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB85%2C333
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB254%2C187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB254%2C187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB599%2C326
http://arxiv.org/abs/hep-th/0404222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB147%2C297
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C115%2C21
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C115%2C21
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C128%2C191
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C4%2C137
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMPHA%2C71%2C496
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMFZA%2C71%2C226

[22] F. Gonzalez-Rey, M. Rocek, S. Wiles, U. Lindstrom and R. von Unge, Feynman rules in
N = 2 projective superspace. I: massless hypermultiplets |[Nucl. Phys. B 516 (1998) 424
lhep-th/9710250];

F. Gonzalez-Rey and R. von Unge, Feynman rules in N = 2 projective superspace. II:
massive hypermultiplets, [Nucl. Phys. B 516 (1998) 449 [hep-th/971113];

F. Gonzalez-Rey, Feynman rules in N = 2 projective superspace. III: Yang- Mills multiplet,
hep-th/971212§.

[23] S.M. Kuzenko, Projective superspace as a double-punctured harmonic superspace, \Int. J. Mod

Phys. A 14 (1999) 1737 [hep-th/9806147;

S.J. Gates, Jr. and S.M. Kuzenko, The CNM-hypermultiplet nexus, [Nucl. Phys. B 543 (1999)

129 [hep-th/9810137];

S.J. Gates, Jr., T. Hubsch and S.M. Kuzenko, CNM models, holomorphic functions and
projective superspace c-maps, [Nucl. Phys. B 557 (1999) 443 [hep-th/9902211];

S.J. Gates, Jr., and S.M. Kuzenko, 4D, N = 2 supersymmetric off-shell sigma models on the
cotangent bundles of Kdhler manifolds, |[Fortschr. Phys. 48 (2000) 117 [hep-th/9903013].

[24] J. Grundberg and U. Lindstrom, Actions for linear multiplets in siz-dimensions,

Quant. Grav. 2 (1985) L33;

S.M. Kuzenko and W.D. Linch, III, On five-dimensional superspaces, JHEP 02 (2006) 03§
[hep-th/0507176;

S.J. Gates, Jr., S. Penati and G. Tartaglino-Mazzucchelli, 6D supersymmetry, projective
superspace and 4d, N = 1 superfields, JHEP 05 (2006) 051 [hep-th/0508187];

S. M. Kuzenko, On compactified harmonic/projective superspace, 5D superconformal theories,
and all that |[Nucl. Phys. B 745 (2006) 176 [hep-th/0601177]; On superpotentials for
nonlinear Sigma-models with eight supercharges, |Phys. Lett. B 638 (2006) 28§
[hep-th/060205(];

S.J. Gates, Jr., S. Penati and G. Tartaglino-Mazzucchelli, 6D supersymmetric nonlinear
sigma-models in 4D, N = 1 superspace, JHEP 09 (2006) 00q [hep—th/0604047].

[25] W.D. Linch, III, M.A. Luty and J. Phillips, Five dimensional supergravity in N =1
superspace, [Phys. Rev. D 68 (2003) 025008 [hep-th/0209060.

[26] S.J. Gates, Jr., W.D. Linch, III, and J. Phillips, Field strengths of linearized 5D, N = 1
superfield supergravity on a 3-brane, JHEP 02 (2005) 03¢ [hep-th/0311153.

[27] S.M. Kuzenko, A.G. Sibiryakov and V.V. Postnikov, Massless gauge superfields of higher half
integer superspins, JETP Lett. 57 (1993) 534.

[28] V. 1. Ogievetsky and E. Sokatchev, Superfield equations of motion, [J. Phys. A 10 (1977)
2021;
R. Altendorfer and J. Bagger, Dual supersymmetry algebras from partial supersymmetry
breaking, [Phys. Lett. B 460 (1999) 127 [hep-th/9904213;
I.L. Buchbinder, S.J. Gates, Jr., W.D. Linch, III and J. Phillips, Dynamical superfield theory
of free massive superspin-1 multiplet, [Phys. Lett. B 549 (2002) 229 [hep-th/0207243;
S.J. Gates, Jr. and S.M. Kuzenko, 4D, N = 1 higher spin gauge superfields and quantized
twistors, UHEP 10 (2005) 00§ [hep-th/0506255].

,15,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB516%2C426
http://arxiv.org/abs/hep-th/9710250
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB516%2C449
http://arxiv.org/abs/hep-th/9711135
http://arxiv.org/abs/hep-th/9712128
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA14%2C1737
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA14%2C1737
http://arxiv.org/abs/hep-th/9806147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB543%2C122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB543%2C122
http://arxiv.org/abs/hep-th/9810137
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB557%2C443
http://arxiv.org/abs/hep-th/9902211
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C48%2C115
http://arxiv.org/abs/hep-th/9903013
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C2%2CL33
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C2%2CL33
http://jhep.sissa.it/stdsearch?paper=02%282006%29038
http://arxiv.org/abs/hep-th/0507176
http://jhep.sissa.it/stdsearch?paper=05%282006%29051
http://arxiv.org/abs/hep-th/0508187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB745%2C176
http://arxiv.org/abs/hep-th/0601177
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB638%2C288
http://arxiv.org/abs/hep-th/0602050
http://jhep.sissa.it/stdsearch?paper=09%282006%29006
http://arxiv.org/abs/hep-th/0604042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C025008
http://arxiv.org/abs/hep-th/0209060
http://jhep.sissa.it/stdsearch?paper=02%282005%29036
http://arxiv.org/abs/hep-th/0311153
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA10%2C2021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA10%2C2021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB460%2C127
http://arxiv.org/abs/hep-th/9904213
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB549%2C229
http://arxiv.org/abs/hep-th/0207243
http://jhep.sissa.it/stdsearch?paper=10%282005%29008
http://arxiv.org/abs/hep-th/0506255

